In this paper, we first introduce the notion of controlled weaving K-g-frames in Hilbert spaces. Then, we present sufficient conditions for controlled weaving K-g-frames in separable Hilbert spaces. Also, a characterization of controlled weaving K-g-frames is given in terms of an operator. Finally, we show that if bounds of frames associated with atomic spaces are positively confined, then controlled K-g-woven frames gives ordinary weaving K-frames and vice-versa.
Introduction and Preliminaries
The Hilbert space is the natural framework for the mathematical description of many areas of physics: certainly for quantum mechanics (and quantum field theory), and also for classical electrodynamics (in the energy norm), classical scattering theory [24] , signal and image analysis (finite energy signals) [25] , etc. In each cases, there arises the problem of representing an arbitrary vector in terms of simpler ones, i.e., in terms of the elements of some basis {f j } j∈N . The most economical solution, and the one advocated by mathematicians, is of course to use an orthonormal basis, which gives in addition the uniqueness of the decomposition, f = j∈N f j , f f j for any f in the underlying Hilbert space. Unfortunately, orthonormal bases are often difficult to find and sometimes hard to work with. One way to give up orthogonality of the basis vectors and uniqueness of the decomposition-while maintaining its other useful properties: fast convergence, numerical stability of the reconstruction f j , f → f and etcis using the notion of frames. The notion of frames in Hilbert spaces was introduced by Duffin and Schaeffer during their study of nonharmonic Fourier series in 1952 [15] . Let H be a separable Hilbert space with the inner product ., . . Recall that a countable family of elements {f j } j∈J in H is a frame for H if there exist constants A, B > 0 such that
The constants A and B are called lower and upper frame bounds, respectively. In case A = B, it called a tight frame and if A = B = 1 it is known Parseval frame. If the second inequality in (1.1) holds, it called a Bessel sequence. For a frame {f j } j∈J in H, the operator Sf = j∈J f j , f f j , f ∈ H called the frame operator. This operator is a bounded, self-adjoint, invertible and positive operator and any f ∈ H has an expansion
2)
The family {S −1 f j } j∈J is also a frame with bounds B −1 , A −1 , this frame is called the canonical dual or reciprocal frame of {f j } j∈J .
After the fundamental paper by Daubechies, Grossmann and Meyer (2017 Abel Prize winer) in 1986 [12] , the theory of frames found more attentions and a lot of papers and books published in this area. They took the key step of connecting frames with wavelets and Gabor systems in that paper.
In practice, the expansion (1.2) converges quite fast and can be truncated after a few terms, provided |B/A − 1| ≪ 1. This fact is the key to all the reconstruction formulae, used in signal or image processing in terms of wavelet or Gabor analysis. For more details we refer to [12] and also to the review papers [21, 22] . For a more complete treatment of frame theory we recommend the excellent book of Christensen [11] , and the tutorials of Casazza [7, 8] and the Memoir of Han and Larson [20] . We denote by L(H) the set of all bounded linear operators. A bounded operator T ∈ L(H) is called positive (respectively, non-negative), if T f, f > 0 for all f = 0 (respectively, T f, f ≥ 0 for all f ). Every non-negative operator is clearly self-adjoint. If T ∈ L(H) is non-negative then there exists a unique non-negative operator S such that S 2 = T . This will be denoted by S = T 1 2 . Moreover, if an operator D commutes with T then D commutes with every operator in the C * -algebra generated by T and I, specially D commutes with T 1 2 . Let L + (H) be the set of positive operators on H. For self-adjoint operators T 1 and T 2 , the notation
We denote by GL(H) the set of all bounded linear operators which have bounded inverse. It is easy to see that if S, T ∈ GL(H) then T * , T −1 and ST are also in GL(H). Let GL + (H) be the set of all positive operators in GL(H). For u ∈ L(H), u ∈ GL + (H) if and only if there exists positive constants 0 < m ≤ M < ∞ such that
Throughout this paper, K 1 , K 2 and H are complex separable Hilbert spaces, K ∈ L(H), C, C ′ ∈ GL + (H) and
⊂ K 2 are sequences of closed subspaces. The following theorem can be found in [26] .
In the last decade, motivated by new applications of frame theory, many generalizations of frames introduced: fusion frames, continuous frames, Banach frames, g-frames, K-frames, operator valued frames, p-frames, pg-frames, frames for Hilbert C * -modules and etc.
K-frames
Atomic systems for subspaces were first introduced by Feichtinger and Werther in [17] based on examples arising in sampling theory. In 2011, Gavruta [18] introduced K-frames in Hilbert spaces to study atomic decomposition systems, and discussed some properties of them. Let K be a linear and bounded operator on H. A family of elements {f j } j∈J in H is a K-frame for H if there exist constants A, B > 0 such that
K-frames are limited to the range of a bounded linear operator in Hilbert spaces, that is, they replace the lower bound condition A f 2 of classical frames (1.3) by new lower condition A K * f 2 . In recent years, K-frames have been widely studied in [2, 19, 29] with a paramount field in frame theory.
Controlled frames
Controlled frames, as one of the newest generalizations of frames, have been introduced to improve the numerical efficiency of iterative algorithms for inverting the frame operator on abstract Hilbert spaces [4] , however, they are used earlier just as a tool for spherical wavelets [5] . Since then, controlled frames have been widely studied. In 2016, Hua and Huang [23] introduced (C, C ′ )-controlled K-g-frame as follows: Assume that K, C, C ′ be linear and bounded operators on H such that C and C ′ are positive and have bounded inverse. The family
Weaving frames
Very recently, Bemrose et al. [6] introduced a new concept of "weaving frames" in separable Hilbert spaces which is motivated by the following question in distributed signal processing: given are two sets {f j } j∈J and {g j } j∈J of linear measurements with stable recovery guarantees, in mathematical terminology each set is a frame labeled by a node or sensor j ∈ J. At each sensor a signal f was measured either with f j or with g j , so that the collected information is the set of numbers { f, f j } j∈σ ∪ { f, g j } j∈σ c for some subset σ ⊆ J. Can f still be recovered robustly from these measurements, no matter which kind of measurement has been made at each node? In other words, is the set {f j } j∈σ ∪ {g j } j∈σ c a frame for all subsets σ ⊆ J? This question led them to define woven frame as: Two frames {f j } j∈J and {g j } j∈J for a Hilbert space H are (weakly) woven if for every subset σ ⊆ J, the family {f j } j∈σ ∪ {g j } j∈σ c is a frame for H. Notions related to weaving frames, such as weaving Riesz bases, weaving frames in Banach space setting, weaving vector-valued frames and continuous weaving frames were considered by many researchers. For more details we refer the reader to [9, 10, 12, 27] and references there in.
In this paper, motivated and inspired by the above mentioned works we introduce the concept of controlled weaving K-g-frame. This frame includes ordinary frame, K-frame, g-frame, controlled frame and weaving frame. We present characterization theorems of controlled weaving K-g-frames and construt an example to illustrate our results. We provide a necessary and sufficient condition for (C, C ′ )-controlled K-g-woven frames which connects to ordinary weaving K-frames. Through investigating the characterizations of (C, C ′ )-controlled weaving K-g-frames, we obtain some equivalent conditions of (C, C ′ )-controlled weaving K-g-frames.
The constants A and B are called lower and upper frame bounds for (C,
If the right-hand side of (1.4) holds then we call
Associated with a (C, C ′ )-controlled g-Bessel sequence Λ, we shall denote the representation space as follows:
The operator T (C,C ′ ) :
is called the pre-frame operator (or synthesis operator) and the analysis operator
which is the adjoint of T Λ , is defined by
The frame operator S Λ associated with Λ is defined as
If Λ is a frame for H, then S (C,C ′ ) is a linear, bounded and positive operator. Throughout this paper, the mapping 
where I ℓ 2 denotes the identity operator on ( ∞ n=1 ⊕H n ) ℓ 2 and I o denotes the identity operator on H j .
Main Results
We firs define the weaving (C, C ′ )-controlled K-g-frames in separable Hilbert spaces.
there are universal constants 0 < A ≤ B < ∞ so that for every subset σ of N, the family {Λ j } j∈σ ∪ {Ω k } k∈σ c is a (C, C ′ )-controlled K-g-frame for H (with respect to {H j } j∈σ ∪ {W k } k∈σ c ) with lower and upper K-g-frame bounds A and B, respectively.
The following proposition show that every family of (C,
, respectively) with bound B 1 and B 2 , respectively. Then, for any subset σ of N, the family
Proof. Let σ be an arbitrary subset of N. For each f ∈ H, we have
This is the required universal upper (C, C ′ )-controlled K-g-frame bound for Λ and Ω.
The following theorem is a characterization of (C, C ′ )-controlled K-g-woven frames in terms of an operator. (ii) (a) There exists A > 0 such that for any subset σ of N there exists a bounded linear operator U σ :
is the standard g-orthonormal basis for
Proof. (i) ⇒ (ii) : Let A be the universal lower (C, C ′ )-controlled K-g-frame bound for Λ and Ω. For each subset σ of N, let T σ be the pre-frame operator associated with
Moreover, for all f ∈ H we have
This gives
Let σ be an arbitrary subset of N. First we find U * σ and for this (by using (a) ) 7 we have
. This implies that
for all f ∈ H. By using (b) and (2.1), we have
for all f ∈ H. This gives a universal lower (C, C ′ )-controlled K-g-frame bound for the family Λ and Ω.
Next we prove that Λ satisfies upper (C, C ′ )-controlled K-g-frame inequality. For each f ∈ H, we have
Similarly, Ω satisfies upper (C, C ′ )-controlled K-g-frame inequality. Thus, by applying Proposition 2.2 we can obtain a universal upper (C, C ′ )-controlled K-g-frame bound. Hence Λ and Ω are (C, C ′ )-controlled K-g-woven. 
is a bounded linear operator such that
Proof. For each subset σ ⊂ N and for every f = ∞ k=1 α k e k ∈ H, we have
Hence Λ and Ω are K-g-woven with universal K-g-frame bounds (A min{1, M}) and (B+β).
be an orthonormal basis of a complex separable Hilbert space H.
Define the sequences of bounded linear operators
and Ω ≡ {Ω j } ∞ j=1 on H as follows:
e i , i = j + 2, j + 3 0, otherwise.
and
For k ∈ N, let {β k ij } i,j∈N be a sequence of scalars given by
Then, inf{β k kj : j ∈ N} = 1 > 0 and
for all j ∈ N. Hence by 2.5, Λ and Ω are (C, C ′ )-controlled K-g-woven.
An arbitrary (C, C ′ )-controlled K-g-Bessel sequence in H need not be a (C, C ′ )-controlled K-g-frame for H. The following theorem gives sufficient conditions for (C, C ′ )-controlled K-g-Bessel sequences to constitute woven (C, C ′ )-controlled K-g-frames for the underlying space.
Then, Λ and Ω are (C, C ′ )-controlled K-g-woven frames for H.
Proof. Let B 1 and B 2 be (C, C ′ )-controlled K-g-Bessel bounds for Λ and Ω, respectively. Then, for any subset σ of N, we have
Therefore, for all f ∈ H, we have
Hence Λ and Ω are (C,
The next theorem provides a necessary and sufficient condition for (C, C ′ )-controlled K-gwoven frames which connects to ordinary weaving K-frames. More precisely, if frame bounds of frames associated with atomic spaces are positively confined, then (C, C ′ )-controlled Kg-woven frames give ordinary weaving K-frames and vice-versa. 
This gives a universal upper K-frame bound for the family {(CC ′ ) 
Hence {(CC ′ ) 
